SURFACE HOMEOMORPHISMS WITH ZERO DIMENSIONAL 

SINGULAR SET 



CHRISTIAN BONATTI AND BORIS KOLEV 

Abstract. We prove that if / is an orientation-preserving homeomorphism of 
a closed orientable surface M 2 whose singular set £(/) is totally disconnected, 
then / is topologically conjugate to a conformal transformation. 



1. Introduction 

In a series of papers |21l 1221 I2.U 1241 1251 I2fi| . Kerekjarto gave necessary and 
sufficient conditions for an orientation-preserving surface homeomorphism to be 
conjugate to a conformal isomorphism, answering a question of Brouwer pj]. For 
that purpose, he introduced the notion of regularity. 

Let / : X — > X be a homeomorphism of a compact metric space. A point 
x G X is regular if the family {/"} of all (positive and negative) iterates of / is 
equicontinuous at x, that is for all e > there exists S > so that if d(x, y) < S 
then d(f n (x),f n (y)) < e for all n. This property is obviously independent of the 
choice of the metric and invariant under topological conjugacy. 

The purpose of this paper is to give a complete exposition of Kerekjarto's theory 
in a more general setting, with shorter and simpler proofs. Some of Kerekjarto's 
arguments have already been clarified |2l 1121 ITfil 1191 l27l I35j . However, up to the 
authorsS knowledge, there is nowhere in the literature a complete, modern and 
elementary paper on Kerekjarto's theory. This is what we intend to do in the 
following. 

Let / be a homeomorphism of a closed surface M 2 . We define the singular set 
of / , noted S(/) to be the closure of the set of non regular points. One may 
ask what the connection is between £(/) and the Julia set J(f) of a holomorphic 
map of the Riemann sphere. For us, the only difference is that a point is regular if 
the family of all iterates of /, positive and negative, is equicontinuous whereas in 
the holomorphic case only positive iterates are required to form an equicontinuous 
family. The main result of this paper is the following: 

Theorem 1.1. Let f be an orientation-preserving homeomorphism of a closed 
orientable surface M 2 whose singular set, £(/) , is totally disconnected. Then: 

(1) If M 2 = S 2 , f is conjugate to a linear fractional transformation. 
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(2) If M 2 = T 2 , f is periodic or f is conjugate to the map (s,t) i— > (s + a,t+f3). 

(3) Ifx(M 2 ) < 0, f is periodic. 

Using the fact that any periodic, orientation-preserving transformation of a 
closed surface is conjugate to a conformal transformation Theorem II. II can 

be restated by saying that an orientation-preserving homeomorphism of a closed 
orientable surface is conjugate to a conformal transformation if and only if £(/) is 
totally disconnected. 

In order to be complete, we have also treated the case of orientation-reversing 
homeomorphisms, of non-orientable closed surfaces and of surfaces with boundary, 
orientable or not. We will show in particular that a homeomorphism of a surface 
with negative Euler characteristic is always periodic if its singular set is totally 
disconnected. We will give then the complete 11.11 classification up to topological 
conjugacy of non periodic homeomorphisms with totally disconnected singular set 
on surfaces with non negative Euler characteristic: the sphere S 2 , the projective 
plane P 2 (R), the disc D 2 , the torus T 2 , the Klein bottle K, the annulus and the 
Mobius band. The essential argument, once we know the result for closed orientable 
surface, is to reduce to that case by considering the two-fold orientation covering 
or by taking the double of the surface to remove boundary. 

In general £(/) is very large (and so the hypothesis that £(/) is totally discon- 
nected is very strong). There are very simple homeomorphisms of the sphere S 2 
with £(/) = S 2 . Let us present such an example. 

Let h be the homeomorphism of the plane R 2 which leaves each circle c r ,r G 
[0, +oo[ centered at (0,0) globally invariant and whose restriction to c r is the ro- 
tation by angle <p(r) where <fi : [0, +oo[— > R is any continuous function which is 
constant on no interval. Let / be the homeomorphism of S 2 obtained by extend- 
ing / to infinity by a fixed point. Then, / is a homeomorphism of S 2 such that 
S(/)-5 2 . 

Another interesting example is the case of a C 1 -structurally-stable diffeomor- 
phism / of a surface M 2 (that is, / satisfies Axiom A and the strong transversality 
condition). In that case, a point is regular if and only if it belongs to the intersec- 
tion of the stable manifold of a periodic attractor with the unstable manifold of a 
periodic repeller. Indeed, a point which does not lie in such an intersection must be 
a limit point of stable or unstable manifolds of saddle points (according to the Shad- 
owing Lemma, but these manifolds belong to the singular set (according to 
the A-Lemma, [36J. There are examples of C 1 -structurally-stable diffeomorphisms 
/ on any surface M 2 , which do not have any periodic attractor; each attractor of 
/ is a non-trivial hyperbolic attractor. In that case £(/) = M 2 . 

However, it is remarkable that such a simple condition (/ is a homeomorphism 
with S(/) totally disconnected) implies such a strong rigidity (f is conjugate to 
a conformal transformation). In the same spirit (but in the opposite direction), 
let us recall a beautiful result obtained independently by Hiraide .17} and Jorge 
Lewowicz j2EJ- A homeomorphism is expansive if there is a constant a > such 
that, for any pair of distinct points (x,y) there exists n € Z such that the distance 
between f n (x) and f n {y) is greater than a. Hiraide and Lewowicz showed that any 
expansive homeomorphism of a compact surface is conjugate to a pseudo-Anosov 
homeomorphism . 

In the next section, we briefly review some well-known topological facts. Sec- 
tion contains general results on the dynamics of a homeomorphism of a compact 
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metric space. In section^] we study the case of surfaces with positive Euler charac- 
teristic. The main part of this section is devoted to the sphere. Section contains 
the complete classification of regular homeomorphisms of surfaces with non positive 
Euler characteristic and in particular of the torus. 

2. Preliminaries 

Let (X, d) be a compact metric space, and let 2 X be the set of all nonempty 
closed subsets of X . The Hausdorff distance on 2 X is defined by 

(2.1) d H (A,B) = max I sup d(a,B), sup d(b 7 A) L . 

laeA b£B J 

With this distance, 2 X is a compact metric space pH]. Let (A n ), be a sequence of 
nonempty closed subsets of X. We define liminf(A„) to be the set of points x G X 
such that every neighborhood of x meets A n , for all but a finite number of values 
of n. In other words, a point x belongs to liminf(A„) if and only if there exists a 
sequence x n G A n , converging to x. Similarly, we define limsup(A„) to be the set 
of points x G X such that every neighborhood of x meets A n , for an infinite number 
of values of n. In other words, x belongs to limsup(A n ) if and only if there exists 
a sequence x n G A n , admitting a subsequence x ni converging to x. These two sets 
are closed and liminf(A„) C limsup(A„). The sequence (A n ) is convergent for the 
Hausdorff metric if and only if liminf(A„) = limsup(Ai) EH]- 

A continuum is a nonempty, compact, connected metric space. It is non-degenerate 
provided that it contains more than one point. The proof of the following Lemma 
may be found in |31j . 

Lemma 2.1. Let (A n ) be a sequence of continua of X such that liminf(A n ) ^ 0, 
then limsup(A„) is a continuum. In particular the space of continua of X, denoted 
C[X), is closed in 2 X . 

Let / be a homeomorphism of a compact metric space (X, d) . Recall that a 
point x G X is regular if the family f n is equicontinuous at x. For every e > 0, we 
let cp(x,e) be the least upper bound of positive numbers S such that 

(2.2) d(x,y)<S^d(r(x),f n (y))<e, Vn. 

By its very definition <p(x, e) < e. In the introduction, we have defined the singular 
set of / , written £(/) to be the closure of the set of points which are not regular. 
This set is clearly invariant under / and S(/ n ) = £(/) for all n^O. 

If £(/) is empty, the family {/", n G Z} is uniformly equicontinuous on X. Such 
homeomorphisms are called regular by Kerekjarto and they are described by the 
following well-known result JT4 , 39J. 

Theorem 2.2. Let f be a homeomorphism of a compact metric space (X,d). The 
following statements are equivalent: 

(1) The family {/ n , n G Z} is equicontinuous on X. 

(2) The closure G of the family {/", n G Z} is a compact subgroup of Homeo(X) 
with the C° -uniform topology. 

(3) There exists a metric on X compatible with its topology in which f is an 
isometry. 

Remark 2.3. 1) =>■ 2) is essentially Ascoli's theorem, whereas in 2) 3) an invariant 
metric can be constructed using Haar's measure on G. 
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A homeomorphism of a compact metric space is recurrent provided that for all 
e > 0, there exists ji^O such that d{f n ,Id) < e. Clearly, in view of Theorem l2.2l 
a regular homeomorphism of a compact metric space is recurrent. 

3. Dynamics on a compact metric space 

In this section, we investigate the connection between regularity and the limit 
sets of a homeomorphism / of a compact metric space X . Our primary interest 
is in such homeomorphisms which have a totally disconnected singular set. Recall 
that a space X is totally disconnected, provided any connected subset of it is a 
point or empty. The subject of this section may be compared to the one of [lQl f2?j . 

Given a; e I, we set 0(x, /) = {f n (x); n £ Z}. We define similarly + (x, f) as 
the set of positive iterates of x and 0~ (x, f) as the set of negative iterates of x. The 
w-limit set of a point x € X is, defined by u/(x, f) = {lim /™ fc {x),rik — » +00} and its 
a-limit set by a a(x, /) = u)(x, The limit set of 2; is X(x, f) = a(x, f)Uu)(x, /). 

These sets are invariant under /. A point x is recurrent if x € A(x, /). 

Lemma 3.1. We have the four following properties: 

(1) Let x £ X be a regular point and suppose that there are sequences (xi) and 
(rij) such that Xi — > x and f ni (xi) — > z, then f Ui (x) — > z, 

(2) Let x and y be two regular points. Then f ni {x) — ► y iff f~ ni (y) — ► x. 

(3) A regular point x is recurrent iff X(x, f) contains a regular point. 

(4) If a regular point is recurrent, then u)(x, f) = a(x, f) = cl (0(x, /)). 

Proof. 1) Let e > and 5 — <p(x,e). For i large enough, we have d(xi,x) < 5 and 
d{f ni (xi),z) < S and hence d{f n >(x),z) < 2e. 

2) Let e > and S = ip(x,e). For i large enough, we have d(f ni (x),y) < 8 and 
hence d(x, f~ ni (y)) < e). 

3) Let y 6 X(x,f) be a regular point. Let e > and 5 = ip(y,e) . We 
can find n > m > such that d(y, f n {x)) < 8 and d(y,f m (x)) < 8. Hence, 
d{f~ m (y), f n ~ rn {x)) < £ and d(f- m (y),x) < e and so d(x, f n - m (x)) < 2e. 

4) If x is recurrent then x £ u>(x,f) and x £ a(x,f) according to 2). Hence 
dO(xJ) =u(x,f) = a(x,f). D 

Corollary 3.2. The set of points of X\S(f) which are recurrent is open and closed 
mX\Z(f). 

Proof. According to Lemma l3~lT lL the set of recurrent points of X £(/) is closed 
in X £(/). Let x £ X be a recurrent point. We can find a neighborhood 

U C X \ £(/) of x such that X(y, f)nX\ E(/) ^ for each y £ U. According to 
Lemma l3~lT 3L each point of U is recurrent so the set of recurrent points of X\H(f) 
is also open. □ 

Lemma 3.3. Let x £ X £(/). If x is recurrent, then for every neighborhood U of 
x there exists an integer N > such that 

N 

(3.1) 0(x,f)c\Jf(U). 

i=Q 

Proof. Let x £ X\£(/) be a recurrent point. According to Lemma l3~lT 4L we have 

(3.2) d(0(x,f))=u(x,f)=a(xj). 
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Let U be a compact neighborhood of x such that U C X \ £(/) and let V C 
U be an open neighborhood of x. For each point y G X(x,f), we can find by 
Lemma f3 . 1 T 2 ^1 an integer n(y) > such that f ntyV \y) G V and hence we can find 
an open neighborhood V y of y such that 

(3.3) f n(v \V y ) C V. 

Let Vi, V2, . . . , V r be a finite subcover of the covering (Vi) of X(x, f) fl U . To each 
open set Vi there corresponds a positive integer such that 

(3.4) f ni (Vi)cV 

We let N = maxrij. For any z G A(a;, /) n ?7, there exists n £ {0, 1, ... , N} such 
that 

(3.5) f n (z) G V. 

Therefore, we can construct an increasing sequence rrii — * +00 such that: 

(1) rrii+i — mi < N, for all i, 

(2) f m '{x) eV CU, for all i 

and we have thus: 

N 

(3.6) 0(x, f) c /) = cl (0+(x, /)) c |J f(U). 

□ 

Corollary 3.4. Let x € X \ E(/), ITien A(x, /) n S(/) ^ i# A(x, /) C E(/). 

Proof. Let a; G X\E(/) and suppose A(a;, /) {Z! E(/). According to Lemma l3~TT 3) . a; 
is recurrent and from Lemma l3~3l we get that A(x, /) = cl (0(x, /)) C X \E(/). □ 

Theorem 3.5. Let f be a homeomorphism of a locally connected, compact metric 
space (X,d) such that E(/) is totally disconnected. Then: 

(1) For each s 6 E(/) which is not a regular point, there exists x € X \ E(/) 
such that s belongs to the limit set X(x,f) of x. 

(2) For each x$ G X \ E(/) and any sequence rik G Z shc/i i/iai lim/™ fc (a;o) = 
s G E(/), one ftas in fact f nh (x) — > s uniformly on a neighborhood U of xq 
and the set 

(3.7) £ s = {x G X \ E (/) ; lim f n » (x) = s} 

is open and closed in X \ E(/) 

Proof. 1) Suppose that s G S(/) is not a regular point. There exist e > 0, a 
sequence z p — > s and a sequence n p of integers so that 

(3.8) <i(f'W,rW)>£, Vp. 

Since E(/) is a compact, totally disconnected, proper subset of X (otherwise X = 
E(/) is finite and therefore X — E(/) = 0), we can find a neighborhood U of E(/), 
U ^ X, which is the union of non intersecting open sets of diameter less than e (cf 
7.10 of [Hi]). Let 

(3.9) K = cl(\Jf n (X\U)). 
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Suppose that s £ K. As X is locally connected, the components of X \ K are 
open and since X \ K C U, all of them are of diameter less than e. Furthermore, 
these components are permuted by / and so for p large enough, f n {z p ) and f n (s) 
are in the same component of X \ K which implies d(f n (z p ), f n {s)) < e for all n. 
This is a contradiction. 

Hence s £ K and we can find sequences x„ £ X \ U and in i n £ Z such that 
f l "(x n ) converges to s. Extracting a subsequence if necessary we can assume that 
x„ converges to a point x £ X\U asm +00. From Lemma mi one obtains that 
P n {x) — > s as n — > +00, that is s £ A(x, /). 

2) Let xq £ X\T,(f), and suppose that f Uk (xo) — > s 6 £(/) as fc — > +00. Accord- 
ing to Cororla,rv l3.41 x ^ oj(x ,f). Choose a compact and connected neighborhood 
U of x suc h that x $ lu(x, /) for all x £ U (cf Corollary 13.21 and Lemma, ET1T 4)) . 
According to Lemma l2~Tl lim supf f Uk (U)) is a continuum since s £ liminf(/ rafc (£/)). 
If limsup(/" fc (£/)) contains some point y £ X\S(/), there exists a subsequence m& 
of rife, and a sequence xu £ U such that f mk (xk) converges to y. From compactness 
of U, if necessary extracting a subsequence, we may assume that Xk converges to 
a point x £ U, and from Lemma l3~TT lV we have lim/' nfc (a;) = y which leads to a 
contradiction since uu{x, f) C for all x £ U. Hence 

(3.10) limsup(/"*(tf))c£(/) 

and is therefore reduced to {s} since £(/) is totally disconnected. This shows in 
particular that the set E s is open in X \ That it is also closed results from 

Lemma l3~lTFl. □ 

Corollary 3.6. Let f be a homeomorphism of a closed surface M 2 with a totally 
disconnected singular set £(/). Then S(/) is empty unless M 2 = S 2 and in that 
case £(/) contains no more than two points. 

Proof. Suppose that £(/) is not empty and let s £ S(/) be a non regular point. 
According to Theorem 13.51 there exists xq £ M 2 \ £(/) such that s £ X(xq, /). To 
fix ideas, let us suppose that s £ u>(xq, /) and we choose a sequence — ► +00 so 
that lim/" fc (a;o) = s. According to Theorem 13.51 the set 

(3.11) |r; M- Xi/:: lim = s} 

is open and closed in M 2 \ S(/) and the convergence is uniform on every compact 
subset of E s . Since the connectedness of a surface is preserved by the removing of 
a totally disconnected subset, E s = M 2 \ £(/). Therefore, {s} C u>(x,f) C £(/) 
for all x £ M 2 \ Let a be an arc joining x and /(x) in M 2 \ E(/), then: 

+00 

(3.12) limsup(f>)) = f) |J f k (a) 

n=0 k>n 

is a continuum which lies entirely in £(/). Otherwise, there would be a point 
y £ a such that u>(y,f) <£_ which is impossible by Corolla,rv 13.41 Hence, 

limsup(/"(a)) = {s} and w(x, /) = {s} for every x e M 2 \ 

If S(/) is not reduced to s, we can find a non regular point s' ^ s and we prove 
similarly that a(x, f) = {s 1 } for all x £ M 2 \ Therefore £(/) cannot contain 

more than two points. 

The argument above shows that f n (x) —> s as n — » +00 uniformly on all compact 
subsets of M 2 \ S(/). If Af 2 ^ S 2 , there exists a closed curve J non homotopic 
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to zero and we can choose such a curve in M 2 \ £(/). Let U be a simply con- 
nected neighborhood of s. For n large enough, f n (J) C U and hence f n (J) is null 
homotopic which gives a contradiction. □ 

Remark 3.7. Corollary 13.61 can be generalized easily to any compact manifold M 
of dimension dim(M) > 2: 

(1) A compact and totally disconnected subset of a closed manifold M of di- 
mension dim(M) > 2 does not separate M . Hence, as in the proof of 
Corollarv l3.6l the singular set, £(/), of any homeomorphism of M contains 
less than two points or is not totally disconnected. 

(2) Let / be a homeomorphism of a closed manifold M of dimension dim(M) > 
2. If there exists i e {1, 2, . . . , n — 1} such that the homotopy group IL(M) 
is not {0}, and if £(/) is totally disconnected, then £(/) = 0. The proof is 
identical to the proof of Corollary 13.61 

4. The case of surfaces with x(M 2 ) > 

Recall that every conformal automorphism of the Riemann Sphere C can be 
expressed as a fractional linear transformation 

where the coefficients are complex numbers with determinant ad — be ^ 0. Every 
non identity automorphism of this type has two distinct fixed points or one double 
fixed point in C. The non identity automorphisms of C fall into three classes, as 
follows: 

• An automorphism / is said to be elliptic if it has two distinct fixed points 
at which the modulus of the derivative is 1. 

• The automorphism / is said to be hyperbolic if it has two distinct fixed 
points at which the modulus of the derivative is not 1. 

• The automorphism / is parabolic if it has just a double fixed point. 

It is an exercise to show that up to topological conjugacy there is only one model 
of parabolic automorphism, namely the translation T{z) = z + 1, There is only 
one model of hyperbolic automorphism, namely H(z) = 2z. But there is a one 
parameter family of elliptic transformations which are not topologically equivalent, 
namely the family R a {z) = e laz . In the the first three paragraphs of this section 
we study the case of orientation-preserving homeomorphisms of the sphere and we 
prove the following theorem. 

Theorem 4.1. An orientation-preserving homeomorphism of the sphere S 2 is topo- 
logically conjugate to a linear fractional transformation iff its singular set contains 
no non-degenerate continuum or equivalently if its singular set contains at most 
two points. More precisely, the transformation is conjugate to an elliptic, parabolic 
or hyperbolic transformation according to whether the number of singular points is 
zero, 1 or 2. 

According to Corollary 13.61 the singular set £(/) of a homeomorphism of the 
sphere which is totally disconnected contains no more than two points. The proof 
of Theorem 14. ll will be divided into three parts according as the number of singular 
points is zero, 1 or 2. 
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4.1. The parabolic case. 

Theorem 4.2. An orientation-preserving homeomorphism of the sphere with ex- 
actly one singular point is conjugate to the map z i— > z + 1 of the Riemann sphere. 

Proof. According to Theorem 13.51 we have: 

(4.2) a(x,f)=w(x,f) = {N}, Vx £ S 2 

and f n (x) — > N as n — > ±oo, uniformly on every compact subset of S 2 \ {N}. 
Hence the group < / > generated by / acts freely and properly on the plane 
r = S 2 \ {N}. The quotient space T/ is therefore a topological surface and the 
projection tt/ : T — > Tf is a regular covering. Since T is simply connected, the 
fundamental group of Tf is isomorphic to Z. Hence, Tf is homeomorphic to the 
cylinder R x S 1 . By uniqueness of the universal cover up to isomorphism, there 
exist a pair of homeomorphisms (H, h) and a commutative diagram 

r H » m 2 

(4-3) | 

T/ — — > MxS 1 

In particular, is a topological conjugacy between /| r and the translation 
(x, y) I— ► (a; + 1, y) of the plane M 2 . □ 

4.2. The hyperbolic case. 

Theorem 4.3. An orientation-preserving homeomorphism of the sphere with ex- 
actly two singular points is conjugate to the map z i— » 2z of the Riemann sphere. 

Proof. Let N and S be the two singular points. According to the proof of Corollary 
3.6, f n {x) — > N for n — > +co (resp. f n (x) — > 5 for n — > — oo) uniformly on 
every compact subset of S 2 {S} (resp. S* 2 {iV} ) . This shows that / acts freely 
and properly on the cylinder T — S 2 \ {N, S}. Hence the quotient space Ff = 
T/f is a topological surface and the projection 717 is a regular covering. Since / 
is orientation-preserving, Tf is orientable. Let 7 C T be a simple closed curve 
separating S and N . Since f n {'i) converges uniformly to S for positive integers, 
there exists n £ N such that /"(7) 7 = 0. Since 7 and / n (7) are two non- 
intersecting essential simple closed curves, they bound a closed annulus A on the 
cylinder T. Hence Tfn is a torus and since I/>. is a cyclic regular covering of Tf, 
we also obtain that Tf is a torus T 2 . Since, up to isomorphism, there is only one 
regular covering ir : S 1 x K — > T 2 whose automorphism group is isomorphic to Z, 
there exist a pair of homeomorphisms (H, h) and a commutative diagram 

r H : S 1 X E 



In particular, is a topological conjugacy between /|p and the translation (x, y) 1— > 
(ar, y + 1) of the cylinder S 1 x E, □ 
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4.3. The elliptic case. 

Theorem 4.4. A regular, orientation-preserving homeomorphism of the sphere is 
conjugate to a rotation R a {z) = e laz . 

The first step to this end is to show that around a fixed point of a regular 
homeomorphism of the sphere there are arbitrary small invariant simple closed 
curves. Compare the results of this paragraph to those of El EH 1221 IS3 EH|- The 
following theorem is a very classical result in elementary conformal representation 
theory (see |H3] Theorem 2.6]), although it can be proved also by methods of plane 
topology (HHlBOj- Recall that a point a £ if is a cut point of K if K \ {a} is not 
connected. 

Theorem 4.5. Let K be a non- degenerate, locally connected continuum of S 2 with 
no cut points. Then the boundary of each component of S 2 \K is a simple closed 
curve. 

Lemma 4.6. Let f be a regular homeomorphism of the sphere and let D C S 2 be 
a closed disc. Then the compact set K — cl (lj ragz / n (D)) is locally connected. 

Proof. Let us first recall that a compact metric space is locally connected if and 
only if for every e > it is the union of a finite number of compact connected sets 
of diameter less than e, 

Let e > be given. Choose a triangulation of D into a finite number of closed 2- 
cells, ei, e2, . . . , e r , each of which of diameter less than <p(e), where ip(s) was defined 
in section 2. For each n G Z we have 

r 

(4.5) f n (D) = \Je? 

i=l 

where diam(e") < e for i — 1, . . . ,r (e"i stands for /™(ej)). 

Let p > so that each 2-cell contains a disc B(xi, p) in its interior. Then 

(4.6) B(r(xi),<p(p)) C r(ei), Vi, Vn. 

Therefore the family {e™ } contains only finitely many pairwise non intersecting 2- 
cells. Let |e™ , .. . , e" p | be a finite collection of pairwise nonintersecting 2-cells of 

maximal cardinality. Then for every neZ and every i G {1, . . . , r} , there exists 
j G {1, . ..,p} so that e i J D e™ 7^ 0. For each fc G {1, . . . let be the closure 
of the union of all 2-cells €i n which meet e" fe . Then Mk is a compact connected set 
of diameter less than 3e and 

p 

(4.7) K = |J M fc . 

fc=i 

□ 

Corollary 4.7. Lei f be a regular homeomorphism of the sphere and let x be a fixed 
point for f. There exist arbitrarily small closed discs, invariant under f, which are 
neighborhoods of x. 

Proof. Let e > 0, S = ip(e) and 77 = tp(6). Let D° be the open disc of center x and 
radius r\ and set 

(4.8) U=\Jf n (D°). 
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Then U is an open connected subset of B(x, S) and f(U) — U . By Lemma l4~6l U is 
locally connected and has no cut point since the closure of any connected open set 
of the sphere has no cut point. According to Theorem 14.51 the boundary of each 
component of S 2 \ U is a simple closed curve. Since 

(4.9) f(S 2 \B(x,e)) cS 2 \B(x,S) 7 

the component of S 2 \ U which contains S 2 \ B(x,S) is invariant under /. Its 
boundary 7 is an invariant simple closed curve and the open disc A bounded by 
7 and containing x is an invariant disc contained m B(x,e). □ 

An orientation-preserving homeomorphism / of S 2 has at least one fixed point. If 
furthermore, / is regular, there exists an invariant disc around this point. According 
to Brouwer's fixed point theorem, there is another fixed point and up to conjugacy, 
we can suppose that / fixes the two poles N and S of the sphere S 2 . 

Let 7 be an invariant simple closed curve under /. We will denote the rotation 
number of the restriction of / to 7 by p(j, /). Readers not familiar with rotation 
numbers may refer to 8J for an excellent exposition of this notion. 

Lemma 4.8. Let f be a regular homeomorphism of the sphere and suppose that 
there exists an invariant simple closed curve 7 such that p(j, /) = 0. Then f is the 
identity map of S 2 . 

Proof. Recall that if p(7, /) = 0, / has a fixed point on 7. The argument below in 
one dimension lower shows that a regular orientation-preserving homeomorphism 
of the circle with a fixed point is the identity map. Hence, 7 C Fix(f). We will 
now prove that the connected component T of 7 in Fix(f) is open and closed in S 2 
which will complete the proof. 

Let x G r, e > 0, (2s < diam^)) and S — <p(e). For each ball B(x, r) with r < S, 
we construct as in the proof of Corollary 14.71 an invariant simple closed curve j r 
which bounds a disc A,. C B(x, s) containing x. Since j r meets T, /| 7r = Id and 
hence -f r C T. But 

(4.10) 7rCcl(|J /"(<*)) 

where c r is the boundary of B(x,r). Hence, for every point y S 7 r , there exists 
a point x £ c r and a sequence so that y = limf nk (x) and we have x — 

limf~ nh (y) = y (cf. Lemma l8,l|) . Therefore j r = c r and c r c T. Since r is 
arbitrary, this shows that B(x, S) C T. □ 

We now fix an invariant simple closed curve 7 and let G be the closure of the 
group generated by / in Homeo(S 2 ). As we have seen in Theorem 12.21 G is a 
compact commutative subgroup of regular homeomorphisms. Each element of G 
leaves the curve 7 invariant and moreover we have: 

Lemma 4.9. The map p 7 : G — > S 1 given by g 1— > p(7, g) induces a bi-continuous 
isomorphism between G and a compact subgroup of S 1 — R/Z. 

Proof. It is a classical fact that the rotation number of a circle map depends con- 
tinuously on the map. Therefore p 7 : G — > S 1 is continuous and from the relation 



(4.11) 



p^P) = np 7 (/), VneZ 
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we deduce that p 7 : G — * S 1 is a group morphism. The injectivity of this map 
results from Lemma l4~8l Since G is compact, p 7 is also a homeomorphism of G 
onto a closed subgroup of S . □ 

According to Lemma lli)! G is either isomorphic to a finite cyclic group or to S 1 . 
In the first case, / is periodic and it is well-known that / is actually conjugate to 
a rotation by an angle 2kir/n about the North-South axis pJElGni- In all of what 
follows we will suppose that G ~ S , In other words, we are given a continuous 
and faithful action * : S 1 x S 2 -> S 2 . We will establish first: 

Lemma 4.10. Fix(G) is reduced to two points N and S , G acts freely on S \ 
{N, S} and the orbit of every point of S 2 \{N, S} is an essential simple closed curve 
inS 2 \{N,S}. 

Proof. Let 7 be the invariant simple closed curve used to define the isomorphism 
pj. This curve separates the two fixed points N and S and no element of G other 
than Id has a fixed point on 7. If G has another fixed say xq, then the G-orbit of a 
continuous path joining xo to a point of 7 in S" 2 {N, S} gives a homotopy between 
7 and xq in S 2 \ {N, S}, contradicting the fact that 7 is essential. Hence every 
G-orbit other than N and S is a simple closed curve and this curve is necessarily 
essential in S 2 \ {N,S}. Suppose that an element go € G has a fixed point xq in 
S 2 \ {-/V, S} and let 7(0:0) be the orbit of xq under G. Then go = Id according to 
Lemma Ol That is, G acts freely on S 2 \ {N, S}. □ 

Lemma 4.11. For all e > 0, there exists S > so that, if x and y are two distinct 
points on a G-orbit 7 and d(x, y) < 5, then at least one of the two arcs delimited 
by x and y on 7 has a diameter less than e. 

Proof. Let e > and (resp. 7s) be a G- orbit in an e-neighborhood of N (resp. 
S). Let A be the G- invariant annulus bounded by 7at and 7s- We have only to 
prove the Lemma for G-orbits which lie in A. We can find fi > such that: 

(4.12) d(x,g(x)) <e/2 

for all x 6 A and all g = '5(0, .) with 9 6 1^ = [—fi, Since G acts freely on A, 
there exists 8 > such that: 

(4.13) d(x,g(x))>5 

for all x € A and all g £ S 1 I M . Now, if x and y are two distinct points on a G-orbit 
7 such that d(x, y)) < S , then y = ^(0, x) with 9 £ J M , and the arc ^([0, n],x) has 
diameter less than e. □ 

In order to complete the proof of Theorem l4.4l we are going to show the existence 
of a "transversal" arc to the G-orbit, which will permit us to construct a conjugacy 
between G and the group of euclidean rotations about the South-North axis (see 
also the work of Whitney j3H] for the existence of transversal arc-to a family of 
curves). More precisely: 

Corollary 4.12. Given two points x and y which lie on distinct G-orbits, there 
exists a simple arc a joining x and y which meets each G-orbit in at most one point. 

Let 7 and 7 be two simple closed curves which separate N and S. We write 
7 < 7 (resp. 7 < 7 ) iff 7 is contained in the closed (resp. open) disc bounded 
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by 7 and containing S. This relation induces a total order on the set of G-orbits 
(with the convention that S < 7 and 7 < N for all G-orbit 7). 

For any point i G S 2 , we let 7(2;) be the G-orbit of x. With this notation, we 
have the following definition. A finite collection of indexed points {xq, xi, . . . , x n } 
such that d(xk, Xk+i) < /1 and 7(2^) < jfak+i) is called a monotone fi-chain from 
xo to x n . We will establish first: 

Lemma 4.13. For all s > 0, there exists 5 > so that two points x and y with 
d(x, y) < 5 and 7(2;) < 7(2/) can be joined by a monotone \i-chain of diameter less 
than e for all fi > 0. 

Proof. Let e > and 5 > as in Lemma [4.111 Suppose that x,y are two points 
lying on distinct G-orbits and such that d{x,y) < 5/2. Given > (// < 5), we 
can find a finite sequence of G-orbits 

(4.14) 70 =7(0;), 7i,..., 7„ =7(2/) 

such that d H {lk,lk+l) < A*A 

Let xy be the geodesic arc connecting x and y whose length is less than 8/2. 
This arc meets each intermediate curve 7&. Hence, we can choose, for each k, a 
point Xk oixy on jk- If d(xk,Xk+i) < H for all k, we are done. If not, we are going 
to show that for each pair {2v,2v + i,} for which d(x r , 2V+1) > A*i we can join x r 
and av+i by a monotone /x-chain which lies in a 2e-neighborhood of xy. By joining 
together such chains, we obtain a monotone //-chain from x to y of diameter less 
than 4e + 5/2. 

Choose a point x r+1 on 7 r +i such that d{x r , x r+1 ) < /i/3. Hence, d(x r +i, x r+1 ) < 
5 and one of the arcs delimited by these two points on 7 r +i, x r +ix r+1 , has a diam- 
eter less than e. 

Divide this arc into s subarcs of diameter less than fi/3 and call the intermediate 
points 

(4.15) x r+l = z r+\i z r+l ■ ■ ■ ) z r+l = x r+l 

We choose some curves 

(4.16) 7 r = 70 < 71 < ' ■ ' < Is = 7r+l 

For each k G {1, . . . , s — 1}, dH(-f k , "f r +i) < A*/3 and we can choose on each inter- 
mediate curve 7 fc a point x^ +1 such that d(x^ +1 , 2:^+1) < A</3- Hence 

(4.17) ^V+l = x r: ^r+l' • • • 5 z r+l = Xr+l 

is a monotone /i-chain. □ 

Proof of Lemma 4-12. From Lemma 14.131 we can choose a sequence of numbers 
5 n > so that any two points with distance d(x,y) < 5 n , can be joined, for all 
[i > by a monotone //-chain of diameter less than 1/2". 

We start by choosing a monotone <5o-chain Xo from x to y. Inductively, once 
X n has been defined, we join each consecutive pair x^, x% +1 of X n , by a monotone 
(5 n+ i-chain of diameter less than l/2 n+1 to obtain X n+i and we set 

(4.18) X = |J X n . 

neti 

It is then a standard fact (^Hl Theorem 2.27]) that the closure X of X in S 2 is a 
simple arc joining x and y with the required property. □ 
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To complete the proof of Theorem l4.4l we choose an arc a given by Corollarv l4.12l 
from N to S , and we let x(r),r e [0, +00] be a parametrization of this arc. The 
map 



is the required conjugacy between G and the group of euclidean rotations about 
the z-axis. 

4.4. Orientation-reversing homeomorphisms of the sphere. Every orientation- 
reversing conformal automorphism of the Riemann Sphere C is of the form 



where the coefficients satisfy ad — be ^ 0. We call them fractional reflections 
following Maskit j2H] . The fixed point set of a fractional reflection is either empty, 
one point, two points or a circle in C. Fractional reflections are classified by the 
number of fixed points: 

• A transformation / with a circle of fixed points is a reflection. It is topo- 
logical^ conjugate to the map z 1— > z. 

• A transformation with exactly two fixed points is semi-hyperbolic, It is 
topologically conjugate to the map z 1— > 22, 

• A transformation with exactly one fixed point is semi-parabolic. It is topo- 
logically conjugate to the map z >—> z + 1. 

• A transformation with no fixed points is semi-elliptic. It is topologically 
conjugate to the map z 1— > e l9 /z, with 9^0 mod 2w. 

Theorem 4.14. An orientation-reversing homeomorphism of the sphere S 2 with a 
totally disconnected singular set is topologically conjugate to a fractional reflection. 

Proof. 1) Suppose first that the singular £(/) is empty. Then E(/ 2 ) = £(/) = 
and according to Theorem 14.11 we may suppose after a topological conjugacy if 
necessary that f 2 is a euclidean rotation around the vertical axis. 

If / has a fixed point, there are arbitrarily small closed discs invariant under / 
(c.f. Corollary 14. 7jl . On the boundary of each of these discs, / reverses the order 
and has therefore two fixed points. In particular, / and hence f 2 have an infinite 
number of fixed points and therefore f 2 = id. In that case / is conjugate to a 
reflection [Jj. 

If / has no fixed points, / permutes the two fixed points of f 2 . If f 2 is a periodic 
rotation, we refer also to for a proof that / is conjugate to the map z 1— > 
e 2mp / q /z. If f 2 is an irrational rotation by angle 2a, the family of simple closed 
curves invariant under f 2 is unique. Hence, / permutes these curves and induces a 
continuous, reversing-order involution on S 2 /G = [0, 1] where G is the closure of the 
group generated by f 2 . Therefore one and exactly one of theses curves is invariant 
under /. This curve divides the sphere into exactly two discs which are permuted 
by / and each of them contains a fixed point of f 2 . In one of these discs, we choose 
a "transverse" arc which joins the fixed point of f 2 to the boundary of this disc. We 
map this arc onto an arc with similar properties relatively to the map z 1— ► e 2t7ra j~z 
and extend this map by iteration under /. This map is clearly well-defined and 
extends into a topological conjugacy between / and the map z 1— > e 2l7ra /~z. 

2) If £(/) contains exactly one point N then f(N) = N and the group generated 
by / acts freely and properly on S 2 \ {N}. The quotient space Tf is homeomorphic 



(4.19) 



h : re if> m> ®(0,x(r)) 



(4.20) 



f(z) = (az + b) I (cz + d) 
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to the open Mobius strip and we can show as in section 4.1, that / is conjugate to 
the map z i— > ~z + 1 . 

3) If contains exactly two points ./V and S, then f(N) — N and f(S) = S. 
The group generated by / acts freely and properly on the cylinder I = S 2 \ {N, S}. 
The quotient space Tf is homeomorphic to the Klein bottle and we can show as in 
section l4~2l that / is conjugate to the map z i— > 2z. □ 

We conclude this paragraph by stating the analogous result for the closed disc D 2 . 
Let / be a homeomorphism of D 2 whose singular set £(/) is totally disconnected. 
The same property holds for the homeomorphism induced on the sphere S 2 viewed 
as the double of the disc. According to Theorem 14.11 / has at most two singular 
points which lie necessarily on the boundary of D 2 . The proofs which have been 
given for the sphere may be adapted in the case of the disc without introducing 
any new subtlety to establish the following: 

Theorem 4.15. A homeomorphism of the closed disc with a totally disconnected 
singular set is topologically conjugate to a fractional linear transformation or a 
fractional reflection of the disc according to whether it is orientation-preserving or 
orientation-reversing. 

4.5. The projective plane. Let / be a homeomorphism of the projective plane 
P 2 (R). If £(/) is totally discontinuous, £(/) must be empty according to Corol- 
lary Let / be the unique orientation-preserving lift of / to the universal cover 
S 2 of P 2 (R) . Then / is a regular homeomorphism which commutes with the cover- 
ing involution s : z i— > —1/z, 

If / is non periodic, the closure of the group generated by /, G, is isomorphic to 
S 1 and there is a unique family of simple closed curves invariant under /. Since s 
commutes with /, s permutes these curves and induces a continuous, orientation- 
reversing involution of S 2 /G = [0,1]. One and exactly one of theses curves is 
invariant under s. We leave it to the reader to show that in that case, the conjugacy 
between / and the standard rotation z i— ► e 2 ™ 9z may be chosen to commute with 
s. In other words, / and the standard map induced on P 2 (R) by z ^ e 2iv6z are 
conjugate on P 2 (R). 

If / is periodic, then / is conjugate to a periodic rotation. The quotient space 
S 2 /f is a sphere and s induces an orientation- reversing involution of this sphere. 
Therefore, we can find a simple closed curve on S 2 , which separates the two fixed 
points of / and which is invariant both by / and s. These considerations may 
be used to show that in that case also an equivariant conjugacy between / and 
z i ► e 2mp l qz can be constructed. We have finally proven the following: 

Theorem 4.16. Let f be a regular homeomorphism of the projective plane P 2 (R). 
Then f is topologically conjugate to a standard rotation of the projective plane. 

5. The case of surfaces with x(M 2 ) < 

Let / be a homeomorphism of a compact surface M 2 with x(M 2 ) < 0. If 
£(/) contains no non-degenerate continuum, / is regular everywhere according to 
Corollary EE1 
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5.1. General results on regular homeomorphisms of surfaces. Let M 2 be 

a closed orientable surface of genus g > 1 and 7r : M 2 — ► M 2 the universal cover 
of M 2 . We can identify M 2 either to the euclidean plane M 2 or to the Poincare 
disc ID in such a way that M 2 is homeomorphic to the quotient of M 2 by a discrete 
subgroup r of euclidean translations or hyperbolic isometries according to whether 
M 2 is K 2 or D. The metric we shall use on M 2 is the quotient metric defined on 
M 2 /r by: 

(5.1) d(n(x),n(y)) = inf d(g.x, h.y) 

gJieT 

where d is the natural metric oii_M 2 . 

There is another metric on M 2 that we shall use in the following, namely the 
spherical metric. The Alexandroff compactification of M 2 , M 2 U oo, is homeomor- 
phic to the sphere S 2 . Hence, the standard metric of S 2 induces a metric that we 
shall call d on M 2 . These two metrics d and d are not uniformly equivalent on M 2 
but Id : (M 2 ,d) — > (M 2 ,d) is uniformly continuous. 

Lemma 5.1. Let f be a regular homeomorphism of a closed orientable surface M 2 
of genus g > 1 and f be any lift of f to the universal cover M 2 of M 2 . If f is the 
unique continuous extension of f to S 2 = M 2 U {oo} then £(/) C {oo}. 

Proof. Let / be any lift of / on M 2 . Every point x is regular under / for the metric 
d. Let d be the standard metric on S 2 . Then, Id : (M 2 , d) — > (M 2 , d) is continuous 
and Id : (M 2 ,d) — > (M 2 ,d) is uniformly continuous. Therefore, a point x which is 
regular for (/, d) is regular for (/, d) and hence £(/) C {oo}. □ 

Corollary 5.2. A regular homeomorphism of a closed orientable surface of genus 
g > 1 which is homotopic to the identity and which has a fixed point is the identity. 

Proof. Let / be any lift of / on M 2 which has a fixed point, Since / is homotopic to 
the identity, / commutes with all covering translations and has therefore an infinite 
number of fixed points. According to Lemma l5?ll and Theorem 14. II / and hence / 
must be equal to the identity, which completes the proof. □ 

Theorem 5.3. A regular homeomorphism of a compact surface of negative Euler 
characteristic is periodic. 

Proof. If the boundary of M 2 is not empty, the natural extension of / to the double 
DM 2 of M 2 is still regular and since x(DM 2 ) = 2x(M 2 ), we are reduced to prove 
Theorem 15.31 for closed surfaces. Moreover, by passing to the orientation covering 
of M 2 and by considering f 2 instead of / if necessary, we may assume that M 2 is 
orientable and that / is orientation-preserving. So, let / be a regular orientation- 
preserving homeomorphism of a closed orientable surface. Since / is recurrent we 
can find a positive integer n such that /" is homotopic to the identity and since 
\(M 2 ) < 0, Lefschetz's formula implies that /" has a fixed point. According to 
Corollary [521 /" ls equal to the identity, which completes the proof. □ 

5.2. Orientation-preserving homeomorphisms of the torus. The transla- 
tions of the torus are the maps of the torus induced by standard translations 
T a ,p ■ (s,t) i — ► (s + a, t + (3) of the plane. Each of these maps is a regular trans- 
formation of the torus and it is periodic if and only if (a, (3) G Q 2 . Moreover, two 
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such maps T a> p and r lt $ are topologically conjugate if and only if the two vectors 
(a, (3) and (7, S) can be mapped one onto the other by a matrix A G GL(2, Z). The 
aim of this paragraph is to establish the following: 

Theorem 5.4. A regular, orientation-preserving and non periodic homeomorphism 
of the torus T 2 is topologically conjugate to a non periodic translation of the torus. 

Remark 5.5. A complete classification of periodic transformations of the torus has 
been given by Brouwer pjJ|31E]. We will not give here the list of them which can 
be find in these references. 

Let / be a regular orientation-preserving homeomorphism of the torus and let 
A G SX(2,Z) be the induced matrix on 7Ti(T 2 ) = Hi(T 2 ) = Z 2 . Since / is recurrent, 
we get that A n = Id for some n > 0. 

If A ^ Id then the Lefschetz number of /, L(f) — 2 — Tr{A) ^ and / has a 
fixed point. Hence, /" = Id according to Corollarv l5.2l 

If A — Id, then for any lift / of on R 2 the following relation holds: 



(5.2) 



f(x + v) = f(x) + v, 



Vier,v« g z 



in other words / commutes with integer translations and f{x) — x is uniformly 
bounded on ]R 2 . 

Lemma 5.6. Let f be a regular and orientation-preserving homeomorphism of the 
torus which acts trivially on 7ri(T 2 ) and let f be any lift of f on R 2 . Then 

(1) 0(f,x) = lim((/ n (.x) — x)/n) exists and is independent ofx. We shall call 
it the translation vector of f and denote it by 0(f). 

(2) / = (0, 0) iff f has a fixed point. 

Proof. 1) Let K n be the closure of the set 

\J m {x)-x 



(5.3) 



m > n, x G 



m 



Since the map f(x) — x is bounded on R 2 , (K n ) is a decreasing sequence of compact 
sets. We are going to show that diam (K n ) — > as n — > 00. Let e > 0. Since / is 
regular and thus recurrent, we can find a positive integer r and an integer vector v 
such that: 



(5.4) 

and therefore 
(5.5) 

Let M be a bound of 
(5.6) 



f r (x)-(x + v) 



<s, \/x G 



f kr (x)-x V 
r 



kr 
j(x) - x 



<-, Vfc>0,VxG 
r 



f n (x) — X V 
n r 



on R 2 . We have then: 
2rM 



< 



Vn > r, \/x G 
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which shows that diam (K n ) < 2e for n big enough. Therefore: f n (x) — x converges 
uniformly on R 2 to some constant vector 9(f) as n — > +00. 

2) If / has a fixed point, then clearly 9(f) = 0. Conversely, if / has no fixed 

i l4.ll / has only wandering points. 



point, then according to Lemma l5~Tl a,nd Theorem 
Hence there exists no such that for every n > n 
number e < 1/2, and let n\ > no and v G 



r(o,o) 



(5.7) 



f^(x)-(x + v) 



I 2 such that: 

< e, Vx G I 



> 1. Choose a positive 



This inequality shows first that v cannot be the vector (0,0), since in, / ni (0, 0) 
is not contained in the ball of center (0,0) and of radius e. Then, we have: 



(5.8) 



f kni (x) -X V 

Til 



kni 



< — , Vfc>0,VxG 

Til 



and letting k — > +00, we obtain: 
(5.9) 



0(f) 



which shows that 9(f) cannot be zero. 



< 



m 



□ 



Remark 5.7. This Lemma is still true if we replace the statement / regular by / 
recurrent which is a weaker hypothesis. In fact, the proof of the first part of the 
Lemma does indeed only use this hypothesis. We can also remark that 1) says 
precisely that the rotation set defined by Misiurewicz and Zieman in (20] ls reduced 
to a point for a recurrent homeomorphism of the torus. To prove 2), we need to 
know the fact that an orientation-preserving and fixed point free homeomorphism 
of the plane has only wandering points which is a corollary of Brouwer's Lemma 
on translation arcs ^JEH which we have not used here. 2) can be considered as a 
particular case of a result of Franks 

Let g be another lift of /. Then 9(f) — 9(g) G 1? and the class of 9(f) modulo 
1? is independent of the particular choice of the lift /. We shall call it the rotation 
vector of / and denote it by p(f). 

As in Theorem 12.21 let G be the closure of the family {/"; n G Z}. G is a 
commutative compact group of regular homeomorphisms of T 2 and each element 
of G acts trivially on the fundamental group of T 2 . Moreover, we have: 

Lemma 5.8. Let f be a regular homeomorphism of the torus T 2 acting trivially on 
the fundamental group, and let G be the closure of the group generated by f . Then 
the map p : G — > T 2 , g 1— > p(g) induces a bicontinuous isomorphism from G onto a 
compact subgroup of T 2 . 

Proof. We will show first that p is a group morphism. Let <?, h G G and let g, h be 
lifts of g and h respectively. Since g and h commute, there exists v G Z 2 such that 



(5.10) 



(h 1 o g o h) - g 



Since h and g commute with the integer translations and since other lifts are ob- 
tained by composing g and h with integer translations, one shows easily that the 
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vector v does not depend on the lifts g and h. Furthermore, from the commutativity 
of g and h with the integer translations, one obtains inductively 

(5.11) hT n ogoh n - g = nv 

and this relation also holds for any other lift of g and h n . Since h is recurrent, there 
exists n > such that h n is arbitrarily close to identity. Hence, we can find a lift 
of h n close to identity and therefore v — 0; that is g and h commute. Hence, we 
can write: 

(g h) n (x)-x = g n (h n (x))-h n (x) + h n (x)-x 
n n n 

and since (g n (x) — x)/n converges uniformly to 6(g) on ]R 2 , we get 

(5.13) 9(g ° h)= 9(g) + 9(h). 

That is p : G — ► T 2 is a group morphism. According to Lemma 15.61 and Corol- 
lary 15. 21 this morphism is necessarily injective. The continuity of p results from the 
fact that 

(5.14) ||ff-Jd||<e=H|0(fl)||<E. 

□ 

A compact subgroup of T 2 is either a finite group, T 2 or the product of S 1 by a 
finite cyclic group [Q. In the first case / is periodic. We shall leave aside the third 
case until the end of this section. 

Lemma 5.9. Assume that p(G) = T 2 . Then there is a topological conjugacy be- 
tween G and the group of translations of T 2 . 

Proof. Fix a point xq in T 2 and let : T 2 — * T 2 be defined as follows. For each 
i £ T 2 there is a unique gt G G with p(gt) = t and we define a continuous map cj> 
by the following: 

(5.15) <Kt)=9t(x ). 

If 4>(t) — 4>{s), then (gj 1 o g t )(xo) — xq and so gj 1 o g t is the identity map (Corol- 
lary As p is an isomorphism this implies that s = t. Hence <f> is one-to-one 
and is thus a homeomorphism of T 2 onto 4>(T 2 ) = T 2 , by the invariance of domain. 

It remains to be shown that is a conjugacy between the group of translations 
and G. Given s G T 2 , we denote by r s the translation by s. For every t £ T 2 , we 
have 

(5.16) <j> o r s (t) = (f>(t + s) = g s+t {x ) = g s o g t (x ) = g s {<i>{t)) 

which completes the proof. □ 

Remark 5.10. We have proved in fact that every faithful and continuous action of 
T 2 on T 2 is isomorphic to the standard action. 

From now on, we shall assume that p(G) is (up to a linear conjugacy of T 2 ) the 
subgroup 



(5.17) 



Q • Z^j /Z x 5 1 c T 2 



Let g be the unique element of G whose rotation vector is (1/q, 0) and let Go be 
the connected component of the identity. G is clearly the direct product of Go by 
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< g >, the finite group (isomorphic to Z/qZ) generated by g. Each G-orbit is a 
family of q distinct simple closed curves since no element of G has a fixed point. 
These curves divide the torus into q distinct topological annulus Aq, A\, A q -\ 
which are permuted by g and each one of these annulus is invariant under Go. 
According to the results of section the restriction of the action of Go on each 
annuli Ai is conjugate to the standard action of S 1 . From these considerations, we 
deduce the following results which complete the proof of Theorem 15 .41 

Lemma 5.11. There exists a simple path <jq : [0,1/q] — » T 2 joining (0,0) to 
<?((0,0)) such that for any s,t £ [0,l/q],s ^ t and {s,t} ^ {0, l/q}, &o( s ) o,nd 
ao(t) are on distinct Go-orbits. 

Corollary 5.12. We have the following: 

(1) Let a : [0, 1] -> T 2 be defined by cr(^ + t) = ffVo (*))>< € [0, l/q]. Then a 
is a simple closed curve invariant under g, which meets each orbit of Go in 
exactly one point. 

(2) Let 4> '■ T 2 — > T 2 be the map defined by (f>(s,t)) — ff(o,t)( (J ( s )) where (o,t) is 
the unique element of G whose rotation vector is equal to (0,t). Then (f> 
is a conjugacy between G and the subgroup of translations by elements of 



5.3. Orientation-reversing homeomorphisms of the torus. Let / be an orien- 
tation-reversing homeomorphism of the torus T 2 . According to Theorem ll.lf 2). / 2 
is periodic or is conjugate to a translation by a vector with at least one irrational 
coordinate. The two families of maps (s,t) i— > (— s,t+a) and (s,t) i— > (— s,t+s+ot), 
where a £ (K \ Q)/Z are standard examples of regular, orientation-reversing and 
non periodic homeomorphism of the torus T 2 . Two such maps are not conjugate. 
We shall show in this paragraph that, up to topological conjugacy, there are no 
other such map, More precisely: 

Theorem 5.13. Let f be a regular, orientation-reversing and non periodic home- 
omorphism of the torus T 2 . Then, there exists a £ (R Q)/Z such that f is topolog- 
ical^ conjugate either to (s,t) ^ (—s,t + a) or (s,t) i— > (—s,t + s + a). 

Proof. Let A e GL(2,Z) be the induced matrix on ?ri(T 2 ) ^ Hi(T 2 ) = J?. For any 
lift / of / to the universal cover R 2 of T 2 we have: 



for every integer vector v. Furthermore, since / is not periodic, A 2 = I according 
to the results of section l5~2l Let ^(O 2 ,^) be the function defined in Lemma, l5~6l 
An easy computation shows that: 



In other words 9(f 2 ) is an eigenvector of A. Since / reverses orientation, det A = — 1 
and the eigenvalues of A are +1 and —1. In GL(2, Z) there are two conjugacy classes 
of such matrices 



(| -Z)/Z x S 1 C T 2 . 



(5.18) 



f(x + v) = f(x) +A-v, 




(5.20) A-0(f 2 ) = 6(f 2 ). 



(5.21) 




(Type 1) 
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and 

(5.22) ( - 1 J ) (Type 2) 

In both cases, we can find a new system of coordinates on the torus in which we 
have 6(f 2 ) = (0,2a). 

Since f 2 is not periodic by assumption, a must be an irrational number and the 
closure, G, of the group generated by f 2 is isomorphic to S . Each G-orbit is a 
simple closed curve whose homology class is (0, 1) in this system of coordinates. 

According to Corollary 15.121 we can suppose, after a change of coordinates if 
necessary, that f 2 is the map defined by (s,t) (s,t+ 2a). The circles {s} x S 1 
become then the closures of / 2 -orbits. In particular, / maps each such circle onto 
another one and its analytic expression must be (s,i) i— > (i(s), ip(s,t). Notice that 
i is an involution of S . Moreover, since the homology class of each circle {s} x S 1 
is an eigenvector for the eigenvalue 1 for the induced map by / on homology, i 
must reverse the order and is therefore conjugate to the map s i— » — s. In these 
new coordinates, / is expressed by (s,t) i— > (~s,<j> s (t)) whereas f 2 is still the map 
(s, t) i — > (s, t+2a). Since / commutes with f 2 , so does 4> s with the irrational rotation 
t i ► t ~~\~~ 2a. Hence 4> s must also be a rotation and we can write 4> 8 {t) = t + a(s). 
The formula f 2 (s,t) — (s,t+ 2a) leads to a(s) + a(—s) = 2a. In particular, we 
have 2a(0) = 2a(l/2) = 2a and hence a(0) - a(l/2) G {0, 1/2}. 

1) If a(0) = a(l/2) — a, we let : S 1 — » S 1 be the continuous map which is on 
[0,1/2] anda(0)-a(s) on [-1/2,0]. The continuity of this map at 1/2 = -1/2 6 S 1 
results from the fact that a(0) = a(l/2). An easy computation shows that for all 
s G S 1 we have: 

(5.23) a(s) + j3(s) - j3(-s) = a. 

We let then B be the homeomorphism of the torus defined by B(s,t) = (s,t + j3(s)) 
and we can check that: 

(5.24) (B- 1 o/oB) (s, t) = (-s, t + a). 

2) If a(0) — a(l/2) = 1/2, we let (3 : S 1 — > S 1 be the continuous map which is s on 
[0,1/2] anda(0)-a(s) on [-1/2,0]. The continuity of this map at 1/2 = -1/2 G S 1 
results from the fact that a(0) — a(l/2) — 1/2. An easy computation shows that 
for all s G S 1 we have: 

(5.25) a(s) + f3(s)- f3(-s) = s + a(0). 

Again, we let B be the homeomorphism of the torus defined by B(s, t) = (s, t+(3(s) ) 
and we write a(0) = a. An easy computation shows that: 

(5.26) (B^ 1 ofoB) (s, t) = (-s, t + s + a). 

which completes the proof. □ 

5.4. The case of the Klein bottle. Let 6*o be the involution of the torus T 2 
defined by (s, t) i— > (s,t + 1/2). Since this involution is fixed point free, the 
quotient space T 2 /6q is a closed surface and since 9q is orientation reversing, this 
surface must be the Klein bottle K. The canonical map it : T 2 — > T 2 /6q is the 
orientation covering of K and 8o is the unique automorphism of this covering. 

For a G (R\ Q)/Z, we note (j) a and i> a the homeomorphisms of T 2 defined by 
4>a(s,t)) — (s,t+a) and ip a (s,t)) = (s + l/2,i+a). Since these maps commute with 
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#o, they induces two homeomorphisms of K that we shall denote by $ Q and *& a , 
respectively. These maps define two distinct families of regular and non periodic 
homeomorphisms of K and we note that: 

(1) For every irrational number a, the closure of each $ Q -orbit is a simple 
closed curve which is the projection by ir of the two circles {s} x S 1 and 
{— s} x S 1 of T 2 . The rotation number of the restriction of $ a restricted to 
this curve is equal to a if s ^ — s (i.e. s (/ {0, 1/2} or to 2a if s £ {0, 1/2}. 

(2) For every irrational number a, the closure of each i/'a-o-rbit is the projection 
by 7T of the circles {sjx^ 1 , {-sJxS 1 , {s + l/2}xS 1 and {-s + 1/2} x S 1 
of T 2 . If s £ {1/4, —1/4}, these circles are mapped into tow simple closed 
curve. If s € {1/4, —1/4}, these circles are mapped into just one circle on 
which the rotation number is a + 1/2. Note that ipa = ®2a- 

The aim of this paragraph is to establish the following theorem: 

Theorem 5.14. Let f be a regular, non periodic homeomorphism of the Klein 
bottle K . Then there exist a € (R \ Q)/Z such that f is topologically conjugate 
either to <J> Q or to ^S> a 

Proof. Recall first that / has exactly two lifts on T 2 , one of which /+ preserves 
orientation while the other f- = 0q o f + reverses orientation. Note also that /+ 
and /_ commute with 6q. 

Since /_ and 6>o commute, so do the induced maps on homology. According to 
the results of section the homology matrix of /_ is therefore of type 1 and there 
are coordinates on the torus in which /_ can be written (s, t) i— > (— s, t+a). Since 6*o 
commutes with /_, its expression in these coordinates must be (s,<) ^ (i-(s),t + 
a(s)) where i- is an involution of S 1 which reverses the order. The expression of 
/+ follows from the relation / + =9$of_ and we have/ + (s,£) = (i+(s), t + a(s) +a) 
where i+(s) = —i-(s) is an involution of S 1 which preserves the order. 

It is a straightforward exercise to show that given two commuting involutions of 
S , i+ and z_ such that i+ preserves the order and z_ reverses the order, there is a 
homeomorphism of S 1 which conjugate the pair to either (s i— > s, s i— > — s) 

or (s i— > s + 1/2, s i ► — s). 

From this fact, we deduce that there are coordinates on the torus in which we 
can write either: 

(1) : /_(a,t) = (-M + a), 9 (s,t) = (~s,t + a(s)), /+(«,<) = (s,t + a{s) + a) 

(2) : /_(M) - (-»,* + a), 6o(s,t) = (s,t + a(s)), f+(s,t) = (s + l/2,t + 
a(s) + a) 

Since 8q is an involution, we have a(s) + a{— s) — 0. In particular 2a(0) = 
2a(l/2) = and we get a(0) = a(l/2) — 1/2 e S 1 because #o is fixed point free. 

To achieve the proof of the theorem, we let /3 : S 1 S 1 be the continuous map 
which is on [0, 1/2] and 1/2 — a(s) on [—1/2, 0]. The continuity of this map at 
and 1/2 results from the fact that a(0) = a(l/2) = 1/2. We verify then that, for 
all s 6 S 1 , we have: 

(5.27) a(s) +(3(s) - (3(-s) = 1/2 

and we let B be the homeomorphism of the torus defined by B{s, t) — (s,t + (3(s)). 
In the first case, we can check that: 

• (B- 1 o9 oB) (s, t) = (s, t + 1/2), 

. (B- 1 o /+ o B) (a, t) = (s,t + a+ 1/2) = $ Q+1/2 (s, t). 
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In the second case, we have a(s + 1/2) = a(— s) since /+ commutes with 9q and we 
obtain: 

. (B- 1 o 9 o B) (s,t) = (s,t + 1/2), 

• (B- 1 o f + o B) {s, t) = (s+ 1/2, t + a + 1/2) = * a+ i/ 2 (s, t). 
which completes the proof. □ 

5.5. The annulus and the Mobius strip. To obtain the complete classification 
of regular homeomorphisms of the annulus [— 1, 1] xS 1 and the Mobius strip [— 1, 1] x 
S 1 /(s,t)) i — ► (—s,t + 1/2), it suffices to consider their doubles and then to retain, 
among the list of regular homeomorphisms of the torus and the Klein bottle, those 
which, keep invariant an annulus or a Mobius strip. We state here the result without 
any proof. 

Theorem 5.15. Let f be a regular and non periodic homeomorphism of the annu- 
lus. There exists a <E (R \ Q)/Z such that: 

(1) / (s,t) = (s,t + a) if f is orientation-preserving, 

(2) / (s,t) = (—s,t + a) iff is orientation-reversing. 

Theorem 5.16. Let f be a regular and non periodic homeomorphism of the Mobius 
strip. There exists a G (K Q)/Z such that f is conjugate to the map induced by the 
homeomorphism (s, t) i— » (s,t + a) of the annulus. 
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